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Abstract We study the scattering problem and asymptotics for large time of
solutions to the Hartree type equations
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x Introduction
We study the asymptotic behavior for large time of solutions to the Cauchy
problem for the Hartree type equation
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Remark  The decay rate in Theorem  is the same as that of the solutions
to the linear Schrodinger equation
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We denote by X
T
the closed ball in X
T
with a center at the origin and a
radius 		 We now let

w
g

 X
T

For the rst equation in the system 
	 the estimates in H
l
are easily
obtained by the usual energy method	 The second equation of the system

	 is parabolic and therefore possesses a regularizing eect so we do not
encounter a derivative loss	 Then the standard contraction mapping yields
the result	 
We next prove the following theorem	
Theorem  Suppose that the initial data v are such that the value
kvk
l
  where  is su	ciently small Then there exists a unique so
lution to the Cauchy problem for the system of equations 
 such that
w  CH
l
 g  C

H
k

 L

 and the following estimates
are valid
kwk
l
 t

kgk

 kgk

H
l
  t



kgk

H
k
 

where l  
n

  
 k  l  
Proof We estimate the following norms Jt  kwtk
l
and It  t



kgk


P
jj	k
k


gk of the functions w and g on the time interval  T 	 Dier
entiating 
	 with respect to x
j
and using the usual energy method we get
d
dt
k

l
j
wk

 Re

t



l
j
w 

l
j
rg 	 rw  Re
  i
t



l
j
w 

l
j
wg
whence by the rst two estimates of Lemma 	
 and Theorem 
	 we obtain
d
dt
Jt  Ct

ItJt  C	

t

and integration with respect to t gives

	
 Jt   C	


Analogously by virtue of the third estimate of Lemma 	
 we nd
d
dt
k

k
j
gk

 t

j

k
j
g 

k
j
fjwj

j

t

j

k
j
g 

k
j
rg

j 

t

kr

k
j
gk

 Ct

k

r
j
kk

k
j


fjwj

k Ct

kr
j
kI



t

krr
j
k


where r
j
 

k
j
g and k  l  	 From Lemma 	 we have the estimate
k

r
j
k  Ckr
j
k

krr
j
k

since    	 Then using the Youngs
 N HAYASHI AND P I NAUMKIN
inequality ab 
a
p
p

b
q
q
 where we take a  Ckr
j
k

k

k
j


fk and
b  t

krr
j
k

 p 


 q 


 so that

p


q
  we get
d
dt
kr
j
k

 Ckr
j
k

k

k
j


fk


 Ct

kr
j
kI

 CJ


kr
j
k


 Ct

kr
j
kI

 C	

t

since fjwj

  

n

jwj

see  we have by Lemma 	
k

k
j


fjwj

k  Ck

k
j

n
jwj

k
 Ck


l
n

jwj

k  Ck


l
n

jwj

k

 Ck
l
jwj

k

 Ckwk

l
for n  
and for n   

k

k
j


fjwj

k  Ck

k
j

n
jwj

k
 Ck


l
n

jwj

k  Ckjwj

k
l
 Ckwk

l

Integration with respect to t yields

	 kr
j
k

 C	

t


For the L

norm by 
	 and Lemma 	 we see that there exists a positive
constant    such that
kgk

 k
Z
t

g
t
dtk


Z
t

t

kfjwj

k

dt
Z
t

krg

k

 kgk


dt
t


Z
t

t

kfjwj

k

dt
Z
t

krg

k

 kgk

 Ckgk

H
k

dt
t

 C	

t

 t

sup
tT
kgk

since kgk

 Ckgk
a

kgk
a

H
k
 kgk

 Ckgk

H
k
 where a  k  n	
Therefore we have

	 kgk

 C	

t


In the same way we estimate the norm in

H
l
to get
kgk

H
l
 k
Z
t

g
t
dtk

H
l

Z
t

t

kfjwj

k

H
l
dt
Z
t

krg

k

H
l
 kgk

H
l

dt
t

 C	

t


	
SCATTERING FOR THE HARTREE EQUATION 
From 
	

	 we see that





w
g





X
T
  C	

 

if we take 	 satisfying C	

 	 Thus Theorem 
	 and the standard continu
ation argument yield the result	 
We are now in a position to prove Theorems 	  	
	
Proof of Theorem  From the identity
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